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Abstract 



Results on the behaviour in the past time direction of cosmological 
models with collisionless matter and a cosmological constant A are pre- 
sented. It is shown that under the assumption of non-positive A and 
spherical or plane symmetry the area radius goes to zero at the initial 
singularity. Under a smallness assumption on the initial data, these prop- 
erties hold in the case of hyperbolic symmetry and negative A as well as in 
the positive A case. Furthermore in the latter cases past global existence 
of spatially homogeneous solutions is proved for generic initial data. The 
early-time asymptotics is shown to be Kasner-like for small data. 

^ 1 Introduction 

5h 

Global existence and asymptotics in the future for the surface-symmetric Einstein- 
Vlasov system with cosmological constant have been obtained in JU-^U- The 
present paper deals with the analysis in the past time direction. 

In the contracting direction the main result in [Hj was that solutions of the 
surface-symmetric Einstein- Vlasov system with vanishing cosmological constant 
exist up to t = for small initial data, and then the nature of the initial 
singularity was analyzed. In the following these results are generalized to the 
case with positive cosmological constant or even negative cosmological constant 
and hyperbolic symmetry. Also in the present investigation we show that these 
results can be strengthened a lot for the plane or spherically symmetric case with 
A < 0. We prove in these cases that solutions of the Einstein- Vlasov system 
exist on the whole interval (0, to] for general initial data. This is the main result 
of this paper. An important tool of the proof is a change of variables inspired 
by one done by M. Weaver in JS] where she showed existence up to t = for 
a certain class of T 2 symmetric solutions of the Einstein- Vlasov system with 
vanishing cosmological constant. In her paper, the general strategy of [B], using 
areal coordinates directly in the contracting direction rather than conformal 
coordinates (as in PQ-0), is used to so sharpen global existence results obtained 
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in and [3] for Einstein- Vlasov initial data on T 3 with T 2 symmetry. We use 
the same strategy to sharpen results previously obtained in [S] and 0. 

Now let us recall the formulation of the Einstein- Vlasov system which gov- 
erns the time evolution of a self-gravitating collisinonless gas in the context of 
general relativity. All the particles are assumed to have the same rest mass, 
normalized to unity, and to move forward in time so that their number density 
/ is a non-negative function supported on the mass shell 

PM := {0 a/J pV = -1. P° > 0}, 

a submanifold of the tangent bundle TM of the space-time manifold M with 
metric g of signature — h ++. We use coordinates (i, x a ) with zero shift and 
corresponding canonical momenta p a ; Greek indices always run from to 3, 
and Latin ones from 1 to 3. On the mass shell PM the variable p° becomes a 
function of the remaining variables (t,x a ,p b ) : 



P° = v / -9 m \ / l + 9abP a P b - 
The Einstein- Vlasov system now reads 



G a p + Ag Q/ 3 = 87rT Q/ 3 

T af 3 = - / fPaP0 

Jm. 3 



1/2 dp 1 dp 2 dp 3 



Pa 

where p a — g a pP^i are the Christoffel symbols, \g\ denotes the determinant 
of the metric g, G a p the Einstein tensor, A the cosmological constant, and T a p 
is the energy-momentum tensor. 

Here we adopt the definition of spacetimes with surface symmetry, i.e., spher- 
ical, plane or hyperbolic symmetry given in We write the system in areal 
coordinates, i.e. coordinates are chosen such that R = t, where R is the area 
radius function on a surface of symmetry. The circumstances under which co- 
ordinates of this type exist are discussed in [2] for the Einstein- Vlasov system 
with vanishing A, and in ^2] and f° r the case with A. In such coordinates 
the metric takes the form 

ds 2 = _ e 2^t,r) dt 2 + e 2X(t,r) dr 2 + ^2 + ^2 ^ 

where 

( sin9 if k= 1 
sin fc 9 := I 1 if k = 

[ smh0 if k = -1 

Here t > 0, the functions A and \x are periodic in r with period 1. It has been 
shown in [J] and [2] that due to the symmetry / can be written as a function of 

t, r, w := e V and F := t A {p 2 ) 2 + t 4 sm 2 k 9(p 3 ) 2 , with r,w£R; F € [0, +oo[ ; 



2 



i.e. / = f(t,r,w,F). In these variables we have p° = e~^\Jl + w 2 + F/t 2 . 
After calculating the Vlasov equation in these variables, the non-trivial compo- 
nents of the Einstein tensor, and the energy-momentum tensor and denoting by 
a dot or by prime the derivation of the metric components with respect to t or 
r respectively, the complete Einstein- Vlasov system reads as follows : 

3 t f + :d r f - (Xw + e^-^'^l + w 2 + F/t 2 )d w f = (1.2) 

VI + w 2 + F/t 2 

e~ 2 ^(2tA + l) + fc- At 2 = 87rf 2 p (1.3) 
e- 2f *(2t(i-l)-k + At 2 = 8Trt 2 p (1.4) 
fjt' = -Ante x+ »j (1.5) 

((j," + - A')) - e- 2 ^ (\ + (A - A)(A + i)J + A = 4^ (1.6) 



where 



r ) := J / / V 7 ! + + F/t 2 /(t, r, w, F)dFdw = e'^T^t, r) (1.7) 



oo /•oo 



oo ^0 



p(t, r) := J / / W /(t, r, F)dFd™ = e- 2A T n (t, r) (1.8) 

t J-ocJo A/1 + w 2 + FA 2 

/OO /«00 
j w;/(i ) r ) «; ) F)dFd«; = -e A +^To 1 (i ) r) (1.9) 

?(*. r ) : = 71 / / /, , o , F/ , 2 /(^ r > w - F)dFd«> = 72 T 2 2 (t, r). (1.10) 

t J -00 Jo y/l + W 2 + F/t 2 t 2 

We prescribe initial data at some time t = to > 0, 

o 

f(t Q ,r,w,F)=f(r,w,F), X(t Q , r) = A(r), p,(t ,r) = fj,(r), 

and want to show that the corresponding solution exists for all t s]0, to]- The 
paper is organized as follows. In section 2 we first prove that for the cases A < 
and k > the solutions obtained in Proposition 12. II below exist on the whole 
interval ]0, to]- Next for A < and k = —1, and in the case A > 0, those 
solutions exist on ]0, to] provided the initial data are sufficiently small. Later 
on we investigate the spatially homogeneous case. In section 3 the asymptotic 
behaviour of solutions as t — * is investigated for small data. The last section 
summarizes all the results which are known on the contracting direction, for all 
values of k and A, including A = and both homogeneous and inhomogeneous 
models. 
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2 On past global existence 
2.1 The inhomogeneous case 

In this section we make use of the continuation criterion in the following local 
existence result: 

Proposition 2.1 Let f £ C^R 2 x [0,oo[) with f(r + l,w,F) = f(r,w,F) for 
(r, w, F) E R 2 x [0, oo [, / > 0, and 

O 

wq := sup{|w||(r, w, F) G supp/} < oo 

o 

F := sup{F \(r, w, F) e supp/} < oo 
Let A € C^R), fi € C 2 (R) wii/i A(r) = A(r + 1), £(r) = £(r + 1) V r e R, and 

o' ?,»° 4?T 2 ?,o f 00 Z" 00 

M (r) = -47rt e A+ ^i(r) = e A+Al / / wf(r,w,F)dFdw, r e R 

T/ien i/iere exists a unique, left maximal, regular solution (/, A,/i) of fl.^l - fl.b)) 

° o 

wi£/i (/, A, n)(to) = (/, A, fi) on a time interval ]T, to] with T G [0, to[. Lf 
sup{\w\\(t, r, w, F) e supp/} < oo 

and 

sup{e 2M(t ' r) |r e R,te]T,t }} < oo 

then T = 0. 

This is the content of theorems 3.1 and 3.2 in |TT|, For a regular solution all 
derivatives which appear in the system exist and are continuous by definition 
(cf 23)- We prove the following result: 

Theorem 2.2 Consider a solution of the Einstein- Vlasov system with k > 
and A < and initial data given for t — to > 0. Then this solution exists on 
the whole interval (0,to\. 

Proof Observe that since there are two choices between two alternatives, this 
covers four cases in total namely 

(A, k) e {(0, 0), (0, 1)}, (A < 0, k = 0) or (A < 0, k = 1). 

In the case A = 0, k = the theorem is a special case of what was proved by 
M. Weaver in We then have to prove the other three cases. 

The strategy of the proof is the following : suppose we have a solution on an 
interval [t\, to] with t\ > 0. We want to show that the solution can be extended 
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to the past. By consideration of the maximal interval of existence this will prove 
the assertion. 

Firstly let us prove that under the hypotheses of the theorem, \jl is bounded 
above. 
For 

4(^~ 2m ) = -k + At 2 -8nt 2 p<0. (2.1) 

So te~ 2fJl cannot increase towards the future, i.e. it cannot decrease towards the 
past. Thus on (ti,t ], e~ 2 ^ must remain bounded away from zero and hence fi 
is bounded above. 

Recalling that the analogue of Proposition 12. II for A = was proved by G. 
Rein in [H], we can deduce that for all three cases being considered it is enough 
to bound w to get existence up to t = 0, using Proposition ^. II 

So let us prove that w is bounded. 
Consider the following rescaled version of u>, called u\, which has been inspired 
by the work of M. Weaver [H3 p. 1090]: 

U\ = —w. 
2t 

If we prove that y, is bounded below then the boundedness of ui will imply the 
boundedness of w. So let us show that /i is bounded below under the assumption 
that iti is bounded. 

Using the first equality in (|2.1|) and transforming the integral defining p to u\ 
as an integration variable instead of w yields 

P= / — tdbdui, 

J-ooJo ^l + tt 2 e- 2 Hu 2 + F/t 2 

the integrand can then be estimated by 47re _2M |ui|. Thus, using the bound for 
ui, p can be estimated by Ce~ 2fi and so l|2.1|) implies that 

i|(te^)i<c(i+te-n 

integrating this with respect to t over [t, to] yields 

te- 2 "(t, r) < t e- 2 ^(t ,r) + se^s, r)) ds, 

which implies by the Gronwall inequality that te~ 2 ^ is bounded on (ti, t ] that 
is fi is bounded below on the given time interval. 

The next step is to prove that u\ is bounded. To this end, it suffices to get a 
suitable integral inequality for U\, where u\ is the maximum modulus of u\ on 
support of / at a given time. In the vacuum case there is nothing to be proved 
and therefore we can assume without loss of generality that u\ > 0. 

We can compute ii\ : 
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i.e. 



but we have 



1\ e M 

iii = ( A + ?y - t J u i + ( 2 - 2 ) 



/Lt' = -47rfe M+A j, r = 



y 7 ! + w 2 + i^/i 2 



and 



I _l_ fce 2 ^ 1 A 

10 = 47r<e 2AI (jV 1 + + F / t2 - P w ) + 2t W ~ 2 



so that multiplying equation ((2.2(1 by 2ui yields the following 



k 

-Ant(p - p) H At 



A SU- Wlll+^A 2 ) 



y/l + 4i 2 e- 2 ^ 2 + F/i 2 

(2.3) 

Now the modulus of the first term on the right hand side of equation ((2.3(1 will 
be estimated. What we need to estimate is e 2fl (p — p)u\. For convenience let 
log + be defined by log + (a;) = log a; when logcc is positive and log + (x) = 0, 
otherwise. Then estimating the integral defining p — p shows that 

P-P < C(l + log + (ui) - fi). 

The expression —p is not under control ; however the expression we wish to 
estimate contains a factor e 2/J . The function p i— > —pe 2 ^ has an absolute maxi- 
mum at —1/2 where it has the value (l/2)e _1 . Thus the first term on the right 
hand side of equation (|2.3(l can be estimated in modulus by Cu 2 (l + log + (ui)). 

Next the modulus of the second term on the right hand side of equation ((2.3(1 
will be estimated. Using equation 11.9(1 defining j it can be estimated by Cw 2 , 
i.e. 

j < Cu\e- 2 ^ 
so that it suffices to estimate the quantity 

u 2 (l + F/t 2 )\ Ul \ 



V 7 ! -I- 4i 2 e- 2 ^u 2 + F/t 2 



(2.4) 



in order to estimate the modulus of the second term on the right hand side of 
equation ((2.3() . But since p and i _1 are bounded on the interval being consid- 
ered, the quantity 1(2.4(1 can be estimated by Cu\. Thus adding the estimates 
for the modulus of the first and second terms on the right hand side of ((2.3(1 
allows us to deduce from 12.3(1 . since log + x = (1/2) log + (x 2 ), that 



\j t (u 2 )\<Cu 2 {l+\o g+ (u 2 )). (2.5) 



Integrating this in t and using the estimates gives the following integral inequal- 
ity for u\ 

u\{t) < u 2 (t ) + C [ ° ul(s) (1 + log + (« 2 )( s )) da. (2.6) 
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Now let us prove that this integral inequality allows u\ and hence u\ to be 
bounded. The integral inequality (|2.6|l is of the form 

/to 
v{s) (l+log + (u(s)) ds 

where we have written v = u\. By the comparison principle for solutions of 
integral equations it is enough to show that the solution of the integral equation 

/to 
Ui(s) (l + log+O^s)) ds 

is bounded. This solution vi(t) is a non- increasing function. Thus either v\(t) < 
e everywhere, in which case the desired conclusion is immediate, or there is some 
ti in (t i , to] such that v\ (t) > eon (t± , t 2 ] , we take i 2 maximal with that property. 
In this second case it follows that on the interval (ti,t2] the inequality 



vi (t) < C I 1 + J V! (s) log V! (s)ds 

holds for a constant C. The boundedness of vi(t) follows from that of the 
solutions of the differential equation ^(t) = Cv2(t)\ogV2(t). In fact we get a 
bound like exp(exp t) for v\{t). Either case v\(t) is bounded. Thus we conclude 
that u\ and hence u\ is bounded i.e. w is bounded and the proof of the theorem 
is complete. □ 

It is important to note that in the case (A = 0, k = 1) the result proved in 
Theorem l2.2l is new and so strengthens the existence up to t = for small data 
obtained in |5]. 

Next we have the following result which generalizes Theorem 4.1 in jS] to the 
case with non-zero cosmological constant A. Since there are only minor changes 
in the proof, we omit it here. 

o o 

Theorem 2.3 Let (/,A,/^) be initial data as in Provosition 12.11 and assume 
that e- 2 ^ - |At§ - 2 > for r E M and c> with 

_ o 

1 



c := -(1- || e 2 » \\)-10it 2 w F o Jl + w 2 + F /t 2 \\ f || -J L ifk = -1 and A < 0, 

2 v x _ || e2Al || 

and for A > 

i ft < L±J 



2 (l - At A " l|e2S| i ) - 1Qtt 2 w F ^/1 + w 2 + F /t 2 || / n 



c := < 



if k = or k=l 



ifk = -1. 

T/ien the corresponding solution exists on the interval ]0, to], awrf 
|w| < w t c , G supp/(t), t €]0,t ]. 
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Remark 2.4 Note that in the case A < and k > it suffices to let 



c~\- 107^^1 + itfg + Fo/tg || / llll e 2tL || 



in the hypotheses of Theorem \2.tft in order to obtain the same conclusion in the 
latter theorem. 

It may be asked what happens for general data. In order to answer this 
question we begin here by examining the spatially homogeneous case. Note 
that for A = more information is available in the homogeneous case in . 

2.2 The spatially homogeneous case 

In this subsection we want to prove that spatially homogeneous solutions (i.e. 
solutions which are independent of r) exist on the whole interval (0, to] for 
general initial data in the case of hyperbolic symmetry and negative A as well 
as in the positive A case. 

To this end we use the continuation criterion stated in Proposition ^. II Since 
the proof for the boundedness of w in Theorem 12 . 21 depends neither on the sign 
of k nor that of A, the only thing to do here is to bound n in order to get 
existence up to t — 0. We prove in three steps that \i is bounded above. 
Step 1 As a first step we use the notations and the method of the proof for 
Lemma 3 in |15) to obtain a 'lower bound' of the quantity 



in order to save some notation we have denoted by t the area of the symmetry 
orbits in [Ej. Taking A = we obtain the following inequality, since (i^l < vi 
and |w 3 | < v 3 : 




By equation (4) in |15|. 





with 



K 



ae' 



2v-2U 



+ ae 



2v-iU 



- 2 i 7-2 2v - 

v-2 + at e V3 



2 



so that 




If \vi\ > S then it follows that 



y/K + av\ VK + aS 2 
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Now the argument of the proof for Lemma 3 in applies here and the only 
thing we need to change there is that we replace the displayed equation leading 
to equation (10) by what follows : 

f v 2 f f 5 v 2 f f v 2 

/ f- r -rdvidv 2 dv 3 = / f-—rdvxdv 2 dv 3 + / f-—rdvxdv 2 dv 3 

N| JriJ-S M Jm?J\vi\>8 \ v o\ 



- Its f9 / / f dVl dv ^ dv 3 



S 2 b 

> 



y/K + aS 2 

- -7W^> (2 ' 7) 

V K + a 
where C is a positive constant. 

Step 2 Now we translate the latter inequality into our familiar notation of plane 
symmetry. We have 

v Q = -e 2 ^p°/2t, vi = e 2 V, v 2 = t 2 p 2 , v 3 = t 2 p 3 , t = t 2 , U = logi, v = A + logt 

and a = (l/4)i- 2 e 2 ^- A ). 

Then 



K + a = (l/4)^ 4 e 2 ^ 2 e- 2A + t 2 + v 2 2 + 

so that 



v 3 2 ] 



1 Ct 2 e x -» 

> ~2TT^- (2-8) 



y/K+~a ~ e 2A + 1 

On the other hand the jacobian determinant of the transformation (p 1 ,p 2 ,p 3 ) i— > 
{vi,v 2 ,v 3 ) gives 

it follows that 

f^dv 1 dv 2 dv 3 = 2 / ft 5 e 6X ^^-dp 1 dp 2 dp 3 ; 
I «o| Jr3 |P U | 

but we have w := e x p x , F := t 4 [(p 2 ) 2 + (p 3 ) 2 } so that 

therefore calculating the latter integral implies that 

fp-dv l dv 2 dv 3 = (l/2)t 3 e 3A ->. (2.9) 

Thus using equations (|2.7|) . I|2.8I) and 12. 9|) yields the following estimate : 

Ct- l e- 2X , s 

P > 151 , , ■ (2-10) 
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Step 3 Boundcdncss for fi. 
Now we have 

2te' 2 ^(X + fi) = 8nt 2 (p + p) > 

which implies that A + fi is increasing and so in the past time direction the 
estimate e A+Al < C i.e. e~ 2A > Ce 2/X holds. Equation l|2.1U[) then implies 

The estimate (|2.11|) shows that if /i is arbitrarily large, p will become also large 
and will dominate the other terms of the right hand side in the equality 

-{te-^) = -k + M 2 -Mt l p 
at 

and then ^(te _2AI ) will become negative, i.e. there is a constant L such that 
the following implication holds 

H>L =*> — (te~ 2fl )<0. 

Now fix t\ in any interval (t*,to]. Then either /x(ti) < L or /x(ti) > £. In this 
second case define 

t 2 := sup{f e (t*,to] n> L on [ti,t]} , 

we thus have either t% < to or ta = to- Since /Lt(t) > L for all t 6 [*i 5 ^2]) it 
follows that 

tie -2^(*0 > t 2e -2M(t 2 ) 



that is 



< 



e 2i (ti/t 2 ) if t 2 < ti 
e 2 ^*«)(ti/t ) if t 2 =t 



either case, e 2 ^ and so fj, is uniformly bounded in t in any interval (£*, to]. 
We have proven the following 

Theorem 2.5 Consider a spatially homogeneous solution of the Einstein-Vlasov 
system with A > or (A < 0, k = —1), and initial data given for t = to > 0. 
Then this solution exists on the whole interval (0,to]. 

3 On past asymptotic behaviour 

In this section we examine the behaviour of solutions as t — ► 0. 
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3.1 The initial singularity 

First we analyze the curvature invariant R a p 1 sR a ^ S called the Kretschmann 
scalar in order to prove that there is a spacetime singularity 

Theorem 3.1 Let (/, A, /x) be a regular solution of the surface- symmetric Einstein- 
Vlasov system with cosmological constant on the interval ]0, to] with small initial 
data as described in TheoremX&Jft and in Remark\2.A\ Then 



\im{R a ^ 5 R a ^ 5 ){t,r) = oo, 

uniformly in r £ K. 

Proof We can compute the Kretschmann scalar as in |H] and obtain 

R a01 sR a0lS = 4[e- 2 V + - - ^{X + A (A - /i))] 2 

t 2 

+ ±(e^ + k) 2 

=: + #2 + tf 3 (3.1) 

Since K\ is nonnegative it can be dropped. 
Now let us distinguish the cases A > and A < 0. 
Case A > : 

In this case we use the same argument as in [H] to estimate K 2 . We then obtain 



K 2 > ~r 
~ t 2 



> -4A 2 



iTTt(p-p) —J +f At J - Y t 2 +4irt 2 A(p-p) 

(3.2)" 



since 47ri 2 A( / o - p) > 0. 

Recalling the expression for e~ 2fJ " we get 



2u , i (e~ 2Al(r) + k) 8tt f t0 2 , . , A 3 



+ k = i + T J s 2 p(s,r)d S + -(t d - t 6 ) 

> — ^ (3.3) 



thus 



and so 



^ = ^(e- 2 - + fc) 2 >^(inf e - 2 - + fc-^ 2 



(i? Q/375 i? Q ^)(t,r) > ^inf e - 2 ^ + fc-|t 2 ^ -4A 2 ,ie]0,t ] I reI,A>0 ! 



2 
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and the assertion is proved for A > 0. 

Case A < 
We have by fT^ : 

K 2 > -4A 2 + 327rA(p-p). 
Now we use the estimate for w in Theorem 12.31 so that 

,p(t) ,f 

(p-p) (t, r) < p(t, r) = -s / y/1 + uP+F/t 2 f(t, r, w, F)dFdw < Ct -3- 

* J-P(t) Jo 

(3.4) 

where c is defined in Theorem 12.31 and in Remark 12.41 
Thus 

K 2 > -4A 2 + CAt- 3+c . 
beco mes in this case (A < 0) 

therefore 

K 3 >f (infe^ + fe) 2 

so that 

4f 2 / o \ 2 

{R aPlS R a ^ s ){t ir ) > [infe-^ + kj + CAt- 3+c - 4A 2 , te]0,to], r£l, 

that is the assertion in the theorem holds for A < as well, and the proof is 
complete. □ 

Next we prove that the singularity at t = is a crushing singularity i.e. the 
mean curvature of the surfaces of constant t (cf. (1.0.2)] for a definition) 
blows up, also it is a velocity dominated singularity i.e the generalized Kasner 
exponents have limits as t — > 0. We have the same results as in the vanishing 
cosmological constant case jS] , the argument of the proof in that case also applies 
here. 

Theorem 3.2 Let (/, A, fi) be a solution of the surface- symmetric Einstein- 
Vlasov system with cosmological constant on the interval ]0, to], assume that the 

initial data satisfy e~ 2 '° l(r) - -i 2 - 1 > for r £ R. Let 

K(t,r) :=-e-" (A(*,r) + 

which is the mean curvature of the surfaces of constant t. Then 

lim Kit, r) = — oo, 

uniformly in r £ K. 
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Proof In fact we use the same argument as in jS] and obtain the following 
inequalities : 
if A > then 

^(infe-^ + fe-^) 1 ^ 

K(t,r) < — — ^ 2-^ for k = or k = -1, 

t A l 1 



and 



, , 4 /2 (infe- 2 ^- 4^)1/2 
K(t, r) < —2-^ ... 3 °> for k = 1; 



£3/2 

whereas if A < 0, 

vu 3 tl /2 (mfe-^ + k)^ A t- 1/2 (Me-^ + k)-^ 

K(t,r) < ---9 ^ --2 — 2 for k = or k = -1, 

and 

rw x A „ ^(infe^) A t~ 1/2 (inf e-V 1 r , 



Theorem 3.3 Let (/, A, /i) 6e a regular solution of the surface- symmetric Einstein- 
Vlasov system with cosmological constant on the interval ]0, to] witA small initial 
data as described in TheoremY^JA and in Remark\2.A\ Then 



lim^4 = -i; lim#4=li m «4 = H, 
uniformly in r € K, 

ifi(^) gffor) ifffor) 
r) ' if(t,r) ' K(*,r) 
are i/ie generalized Kasner exponents. 

Note that in this theorem some smallness assumption on the initial data is 
necessary (cf. p. 148]). 

3.2 Determination of the leading asymptotic behaviour 

In this subsection we determine the explicit leading behaviour of A, fi, A, fi, fx' 
in the case of small data. 
We have 

-(te- 2 ») = At 2 -k-8irt 2 p. 
By Theorem HO and Remark O 

M < Ct c . (3.5) 
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Using the expression for p, we have 

P < cr 2+3c 

so that 

8nt 2 p < C, 

thus 

\j t (^)\<c, 

integrating this over [£i, ^2] yields 

I t 2 e- 2 ^ - t ie ~ 2 ^ \< C(t 2 - h) (3.6) 
sosh se^ 2 ^ 1 -^ verihes the Lipschitz condition with Lipschitz constant C. Thus 

te~ 2 ^ -> L as t -> 0; 
note that L > 0, using the lower bound on e^ 2 ^\ (|3.6[) then implies 

I te- 2 ^ -L\< Ct 



and so 

thus 
that is 

Now we have 



- 2 " (t) = - + 0(1) = ~(l + (9(f)) 



3 2 ^*) = £"H(1 + 0(t)) (3.7) 



/x= -lnt + 0(l). (3.8) 

1 1 4- kp 2 ^ 

X = -(At + 87Ttp)e 2 ^-—^. (3.9) 



Using (|3.5|l and the expression for p we can see that 

8irtp < Cr 2+C 

thus 13.9(1 implies that 

A = llL-'At 2 + 0(i 3 ) + 0(t- 1+c ) + 0(t c )} + (t) 

that is, using the fact that — 1 + c < 0, 

A = -l + 0(<- 1+c ) (3.10) 



and so 



A= -^lnt + 0{t c ). (3.11) 
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Now using l|3.5[) and the expression for j we can see that 

3 < cr 2+c 

and thus using equation \i! = — 47rfe A+M j we obtain 

H' = -4ntL- 1/2 t 1/2 [l + 0(t)] \r 1/2 {l + 0(t c ))} 0(t- 2+c ) 

i.e. 

M ' = 0(t- 1+c ); (3.12) 

we have used equations (|3.7|) and i|3.11|l . 

Recalling that 

1, s l + fce 2 ^ 

A = g (- At + ^tp)e 2 ^ + ^ , 

we use (|3.7fl and the fact that 8irtp < C to obtain 

£=- + 0(1). (3.13) 
Thus we have proven the following 

Theorem 3.4 Let (/, A, //) 6e a solution of the surface- symmetric Einstein- 
Vlasov system with cosmological constant on the interval ]0, to] with small initial 
data as described in Theorem \2.Sl and in Remark \2.J\ for A ^ 0, and in 
Theorem 4-1] for A = 0. Then the following properties hold at early times : 

ra . ra . rem foi) . foi) . 

This theorem shows that the model for the dynamics of the class of solu- 
tions considered here is the Kasner solution (see ^3]) with Kasner exponents 
(2/3,2/3,-1/3) for which A = -|lnt and n = |lnt. 



4 Concluding remarks 

In the contracting direction we have shown the global existence in the case 
(A < 0, k > 0) for generic initial data. Similar results have been obtained 
for small data in the cases (A < 0, k = —1) and A > 0. Detailed early-time 
asymptotics have been obtained for small data as well. It would be interesting 
to examine what happens if the smallness assumption on data is dropped. In 
this case the asymptotics need not be Kasner- like (cf. 7 p. 146]). 

In the homogeneous case we have proven existence up to t = for generic 
data. Together with the results obtained in J2| this would prove strong cosmic 
censorship (cf.|S]) in the class of Bianchi I and III solutions of the Einstein- 
Vlasov system with positive cosmological constant, if we obtained curvature 
blow-up for generic data. In fact proving cosmic censorship requires proving 
inextendibility of the maximal Cauchy development in the future and in the 
past. Still in the homogeneous case more information about asymptotics for 
A = is available in JOj- In the case with A, such results are not available. 
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